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It is felt by the authors that actual flight hardware de-
velopment based on the results of the work presented in this
note could be simple and reliable. Scaled down versions
of the system discussed could be suspended over the surfaces
which display the more serious outgassing problem. Each
of these small jets could be mounted so that it could sweep
across the window surfaces. In this manner a small jet
could be used to clean a large area, by cleaning one area,
then moving to another. However, the prineipal purpose
of this effort was to establish a feasible method of removing
contaminants similar to those encountered and little effort
was expended on development of optimum hardware.
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HE quasi-steady temperature distribution and surface

recession rate (§) for a material undergoing internal de-
composition and surface ablation and erosion are rapidly ap-
proached when a vehicle travels at hypersonie speeds and
when the rate (S) is high. By “quasi-steady state” we
mean that changes in the temperature distribution in the
material, as measured from the moving surface, are small
with respeet to time. Erosion here refers to material removal
due to chemical reaction, aerodynamic force, and particle
impact (if a vehicle enters a rain, ice, or dust environment);
whereas ablation refers to phase change such as sublimation.
The erosion rate, heat rate, and surface temperature are
interdependent and hence must be calculated simultaneously.
Erosion thus differs from ablation which occurs at a unique
known surface temperature. The present analysis treats
erosion alone and combined erosion/ablation.

The solution presented not only allows for rapid estimation
for engineering purposes, but it also provides a means to
verify computer solutions that include a transient period.
In faet, it is shown in this Note that ordinary numerical meth-
ods using finite-difference techniques to solve problems of
this type are subject to two severe limitations on the maxi-
mum size of the space interval.

Heat-Transfer Model

The one-dimensional heat-transfer equation for a material
that undergoes internal decomposition, or charring, is well
known?! and can be written in the form

o] o/, 0T o}
i - = el = '
S, oh) bx<k ax) + o WH k)W)
where p is the density of the material, & the specific enthalpy,
% the thermal conductivity, W the gas flux due to decomposi-
tion, H. the heat of decomposition, and &, the specific en-
thalpy of the gas. The temperature 7" is a funetion of dis-
tance x and time ¢.
The density is given by

p=p+ P (2)

where subseript 1 refers to the decomposable resin and 2 to
the char matrix. It is assumed that the density of the gas is
negligible, p; is constant, and p; varies in accordance with a
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nth-order decomposition law,
Op1/0t = —p1"A exp(—B/T) (3)

where n, A, and B are empirical constants.
The enthalpy is taken as

ph = (pic1 + poc2) T (4)

where the specific heats ¢; and ¢; are assumed constant. The
conductivity is assumed to follow a linear relation of the form

k=Cp+D (5)

where C = (ko — ko)/p1s, and D = ky are constants, and
the subseript « referring to virgin state.
The gas flux is related to p; by the continuity equation of

OW oz = dpy /Ot (6)

Assuming the gas to be in thermal equilibrium with the solid
and to have a constant specific heat ¢,, one may write

hy = ¢, T (1)

Equations (1-7) completely define the mathematical model
for heat transfer in a charring material. The quasi-steady
analysis and the boundary conditions involving a receding
surface are given in the next section.

Analysis for Quasi-Steady State

By introducing the transformation of
z=z—8 (8)
Eqgs. (1, 3, and 6) become

d -/ o, oT
<& h> — S(Sz ph)t = &[k S + W(H, + m)]t 9

(0p1/0t): — S(0p1/02): = —p1"A exp(—B/T)  (10)
(@W/32). = (0p1/0t). — S(0p1/02). (1)

where S is the distance from z = 0 to the surface at time
1, and S == dS/dt is the surface recession rate.

In the quasi-steady analysis, it is assumed that (07/0t).
and (0p:1/0f). are negligible. This is acceptable when the
heating rate @ and S are high. Physically, this implies that
heat storage is negligible compared to heat conduction and
convection and that the local density change is small com-
pared to mass convection. This situation actually occurs at
hypersonice flight speeds at which the heat penetration depth
and S are on the orders of 0.01 in. and 0.1 in./scc, respec-
tively. If the vehicle enters a time-dependent environment,
the present solution is still applicable if one assumes the
material to adjust to the present condition instantaneously.
Tt is further assumed that S is constant over a time interval.
Using the boundary conditions of T = T., pi = pie, and
W =0atz— =, Egs. (9)and (11) can be integrated to yield

(Cor + D)(dT/dz) + W(H, + ¢,T) +
Sloer + poe)T — (procy + poea)T] = 0 (12)

W = S(pim — p) (13)
Using Eq. (13) to eliminate W, Eq. (12) becomes
dT/dz = —5S¢(T,p0)/(Cp1 + D) (14)

where
$(T.p1) = l(pr — p)(He + ¢, T) +
(pric1 + pac) T — (P11 + poc2)Tl  (15)
Equations (10) can be written as
dpi/dz = (A/S)p" exp(—B/T) (16)
Equations (14) and (16) show that dp,/dT — « as T — T.,
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Fig.1 Sample quasi-steady solutions for temperature and
density distributions.

while in reality dp,/dT — 0 at low temperatures. The
difficulty is due to the approximation inherent in Eq. (3)
which shows 0p,/0t to be nonzero as ¢ = « (T — T.). To
circumvent this difficulty, one may set do,/dT = 0 (or p; =
p1e) for T < T, where T, is an arbitrary cut-off temperature
below which significant amount of decomposition does not
occur and 7', has a value greater than 7.

Equations (14) and (16) can be solved for T'(z) and p:(2)
simultaneously if relations for § and 7°(0) are known. These
relations are obtained as follows.

Two situations can occur. First, consider the surface
temperature Ty to be below the ablation temperature T,.
Then S is due solely to chemical and/or mechanical erosion,
and can be preseribed as a function of T, and density
pro=p1(0):

S = SuTo,p10) 17)
An example of Eq. (17) is
Se = KiTyKe e =5/ Tot (Ky + K5To)/(pro + p2)  (17a)

where the K, are empirical constants. In Eq. (17a), the
first term on the right-hand side accounts for rate-limited
chemical recession and the second term accounts for me-
chanical erosion by which the mass loss rate is proportional

to temperature. The surface heat rate, @y = — (k07T /d2).
can be prescribed as a function
Qo = Qo(Se,TO,Pm) (18)

An example of Eq. (18) is

Qo = MT: — To) + o' (T, — To%) — (pwHy + pHy)S.
(18a)

where A, T., o, F, and T. are constants denoting a heat-
transfer coeflicient, reference convection temperature, Stefan-
Boltzmann constant, radiation shape factor, and reference
radiation temperature, respectively; and H; and H, are the
heats absorbed at the surface per unit mass of components
1 and 2, respectively, being eroded. It is observed that
— (k0T /0z2) .y can be evaluated using Eq. (14) at z = 0 and
the following relation is obtained

Qo(Se,TO,pIO) = Se(T0,p10)¢ (To,p10) (19)
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Equations (14, 16, 17, and 19) determine 7'(2), p:(2), S, and
T,y simultaneously for Ty < T\,.

The second case corresponds to the situation when 7y =
T, and

S =S+ S (20)

Since T is known, S, can be prescribed as a function of surface
density alone

Se = Se(pwo) @n

while the ablation rate S, must be determined from a heat
balance at the surface in the form

Se = [Qo — (—k0T/32):m0)/ (proLy + p2Lia) (22)

where L; and L are the heats absorbed at the surface per unit
mass of components 1 and 2, respectively, being ablated,
and @, is a heat rate that is independent of S, given in the
form

Qo = Qu(Se,p10) (23)

Examples of Egs. (21) and (23) are given by Egs. (17a) and
(18a), respectively. Using Eq. (14) to evaluate —(R2T/
02) .0, the following relation that determines S, is obtained

_ Qo(Se,010) — Se010)§ (T'a,p10)
pwly + polis + $(Ta,pr0)
Equations (14, 16, 20, 21, and 24) determine 7'(2), pi(2), S, S,

and S, simultaneously for the case of combined ablation and
erosion.

Sa

(24)

Approximate Solution

The exact solution is obtained by solving simultaneously
the differential equations [Eqgs. (14) and (16)] with the
proper boundary conditions at the surface. However, a
first-order approximate solution to the differential equations
can be obtained in analytie form as follows.

Equations (14) and (16) can be written in the form

A T
P = Pio exp[(- & de Y(T,m) e BT dT)], n=1

(25)
A T
Pt =T (0= ) de Y(T,py) e727dT, m # 1

n=pf T<T,

and
1 T
2= =% fTO Y(T,p)dT (26)

where
Y(T,p) = (Cpr + D)/¢(T,p1) @n

A zeroth-order solution is obtained by taking p1 = pie-
Then Eq. (26) yields the zeroth-order temperature distribu-
tion of

T =T, + (Ty — T.) e~ (28)

where ¢ = (p1w:s + p262)S/ks. The zeroth-order solution
is the exact solution for a nondecomposing material, and the
exponential temperature distribution is typieally given® for
ablation problems.

Using Eq. (28), a first-order density-temperature relation
is calculated from Eq. (25) in which the integral becomes

fTT Y(T,p1) e BT AT =

km fT e—B/T
S 4T (29)
P1=C1 T+ pace r T—-T,



MARCH 1970

Equations (25) and (29) give the first-order py = pi(T).
Equations (15) and (27) become ¢(7,01) = ¢(T) and ¢(T,p1)
= Y(T), respectively. Then Eq. (26) yields the first-order
temperature distribution of

1 T
P = =% fm ()T (30)

where T is determined from Eq. (19) for erosion alone, and
Ty = T, for combined erosion and ablation.

To obtain higher-order approximations, an iterative pro-
cedure may be set up by using the first-order temperature to
obtain a second-order density which in turn is used to obtain
a second-order temperature, ete. However, such a procedure
is more tedious than solving Eqs. (14) and (16) directly. Fur-
thermore, the first-order solution is in general sufficiently
accurate for engineering purposes. A comparison of the
first-order solution and the exact solution is shown in Fig. 1
for a sample problem. It is seen that the two solutions yield
nearly identical results. The figure also shows that higher
erosion rate results in lower heat storage and less decomposi-
tion.

Limitations for Finite-Difference Methods

It is highly desirable to examine the limitations and magni-
tudes of error in employing finite-difference techniques to
solve heat transfer problems with high surface recession rate.
Consider the case of a noncharring material. Then the
exact solution is given by Eq. (28) which, for T = 0, becomes

T/Ty = e~ 31)

where ¢ = S/a with « being the thermal diffusivity of the
material.

A second-order finite-difference equation for quasi-steady
state and constant properties can be given in the form?

(Unz — 2U;in + Ui)/h2 + ¢[(Ui+2 - U;)/2h] =0 (32)

where U denotes a temperature obtained by finite-difference
method, 4 is a space interval (Az), and 7 = 2z/h. Equation
(32) can be reduced to

Uin = [(1 — ¢h/2)/(1 + ¢h/2)]U; (33)

The solution is obviously unacceptable if A = 2/¢. Com-
parison of Eq. (33) with the exact solution given by Eq. (31)
shows the accumulated relative error at z (node ) to be

.=!\U’"~ :_10_.0 .llh/ziih 1
Be=p 1= 1T0<1+¢h/2> A A

The error incrcases monotonically with ¢k for all <. For
example, even with Uy = T, an error of 509 is developed
after one step and it increases to 759, after two steps if A >
1.65 a/S. It is important to note that this conclusion holds
regardless of the heat flux.

Another limitation on the size of & is due to the starting
value of Uy/To. To assess this error, let the boundary condi-
tion for unknown surface temperature be represented by a
second-order numerical expression of the form

(3U0 - 4:U1 + U:))/Zh = Qs/k (35)

where @, denotes the conduction heat flux at the surface.
Eliminating U, and U, by using Eq. (33) and deducing Ty =
Q./k¢ from Eq. (31), one obtains

i

U, o2h?
E = |— — S S
A A0 + o) (0
The magnitude of error in surface temperature is
Us — T4l = Q.Eo/kd (37)

Thus, while the relative error depends on ¢k only, the ab-
solute error depends on Q./k¢ and ¢h. The errors are given
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by Eqs. (34, 36, and 37). It should be pointed out that
in the transient period, the errors will be greater than those
indicated.
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Nomenclature
Q) = solar absorptivities, of sides 1 and 2 main paddles
1,6 = thermal emissivities, sides 1 and 2 of main paddles
as = solar absorptivity of the spin rate regulator paddles
H = golar constant = 1400 w/m?
v = velocity of light = 3 X 108 m/sec
AA. = areas of main and spin regulator paddles
14 = time, sec
d,ds = distances from the center of mass of the satellite
to the centers of pressure of the main paddle and
the spin regulator paddles, respectively
I = moment of inertia of the satellite
w,w0 = spin rate and initial value, respectively
Fi,F3,Fy, = forces on a paddle due to reflected sunlight and

thermal emission
L;,LsLe = components of torque on the satellite in spherical
coordinates due to the main paddles
components of torque on the satellite due to the
spin regulator paddles
8 = angle between plane of the spin regulator paddles
and plane of the main paddles when v = 0
angle between spin regulator paddles and spin axis

Lrs,LGS,Liw =

v =

6,d = angular position of the spin axis on spherical co-
ordinates with the sun along the Z axis

B0, %g = initial values of 8 and &

Introduction

EVERAL authors'™ have considered using radiation
pressure for attitude control of nonspinning spacecraft.
Ule? was the first to describe a spinning satellite attitude
control system for orienting the spin axis of a satellite so that
the spin axis was coincident with the satellite-sun line by
utilizing radiation pressure. Additional work has been done
on similar devices.*™1* Howland™ et al. have devised a de-
vice for orienting the spin axis of a satellite perpendicular
to the satellite-sun line by means of radiation pressure. This
Note describes a method of maintaining the spin axis of a
satellite pointing toward the sun. At the same time the spin
of the satellite is maintained at a constant rate. The method
requires no moving parts except springs. FElectronic sensors
are not required and the system requires no electrical power.
As such it is well suited for satellites that are to have many
years of operational life. Two larger main paddles parallel
to the spin axis are used for spin axis pointing (Fig. 1); they
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